Abstract-In this paper, energy efficiency of relay-assisted millimeter wave (mmWave) cellular networks with Poisson Point Process (PPP) distributed base stations (BSs) and relay stations (RSs) is analyzed using tools from stochastic geometry. The distinguishing features of mmWave communications such as directional beamforming and having different path loss laws for line-of-sight (LOS) and non-line-of-sight (NLOS) links are incorporated into the energy efficiency analysis. Following the description of the system model for mmWave cellular networks, coverage probabilities are computed for each link. Subsequently, average power consumption of BSs and RSs are modeled and energy efficiency is determined in terms of system parameters. Energy efficiency in the presence of beamforming alignment errors is also investigated to get insight on the performance in practical scenarios. Finally, the impact of BS and RS densities, antenna gains, main lobe beam widths, LOS interference range, and alignment errors on the energy efficiency is analyzed via numerical results.
I. INTRODUCTION
Recent years have witnessed exponential growth in mobile data and traffic due to, e.g., ever increasing use of smart phones, portable devices, and data-hungry multimedia applications. Limited available spectrum in microwave ( Wave) bands does not seem to be capable of meeting this demand in the near future, motivating the move to new frequency bands. Therefore, the use of large-bandwidth at millimeter wave (mmWave) frequency bands, between 30 and 300 GHz, becomes a good candidate for the fifth generation (5G) cellular networks and has attracted considerable attention recently [1] - [4] .
Despite the great potential of mmWave bands, increase in free-space path loss with increasing frequency, and poor penetration through solid materials such as concrete and brick, have made mmWave frequencies to be considered attractive only for short-range indoor communication. However, recent channel measurements have shown that these high frequencies may also be used for outdoor communication over a transmission range of about 150-200 meters [1] . It has also been shown that mmWave networks can achieve comparable coverage area and much higher data rates than Wave networks when the base station density (BS) is sufficiently high and highly directional antennas are used [5] . With increase in the number of BSs in mmWave networks, however, energy efficiency is becoming an important consideration as well.
Energy efficiency of cellular networks has been extensively studied recently. Use of relay stations (RS) has been considered an effective way to have energy efficient and flexible networks while maintaining the coverage area and date rates. Unlike the BSs, RSs are not connected to the core network with wired backhaul, and therefore this provides a significant reduction in energy consumption. In [6] , energy efficiency of relayassisted networks are investigated using stochastic geometry.
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Authors of [7] analyzed the effect of station density on the energy efficiency of relay-assisted cellular networks. However, these studies cannot be directly applied to mmWave cellular networks since unique features of mmWave communication have not been considered. Energy efficiency of millimeter wave cellular networks is studied in [8] and [9] . In [8] , the impact of mmWave cellular channels on data rates and power consumption is analyzed using consumption factor framework. In [9] , employment of RSs are combined with mmWave channel model. However, these two papers have not taken into account, in their energy efficiency analysis, the network model based on stochastic geometry. Therefore, in this paper, we employ stochastic geometry to analyze the energy efficiency of relayassisted downlink mmWave cellular networks.
II. SYSTEM MODEL In this section, we introduce our system model for the relayassisted downlink mmWave cellular network. The locations of BSs and RSs are modeled according to two independent homogeneous Poison Point Processes (PPPs) Φ and Φ of densities and , respectively, on the Euclidean plane. Mobile users (MUs) are distributed according to some independent stationary point process. Two different types of MUs are considered in this paper: non-cooperative MU (MU ) and cooperative MU (MU ). MU s directly communicate with the serving BS which we denote by BS 0 , while MU s communicate with the serving BS via the help of the RSs. It assumed that the MUs are served by the closest nodes in the network. Let BS 0 and RS 0 be the closest base station and the closest relay, respectively, to a typical MU. MU is classified as MU if its distance to BS 0 is less than that to RS 0 . Similarly, it is designated as a MU if RS 0 is closer to this MU than BS 0 . Also, RSs are associated with the closest BS, denoted by BS 0 .
We assume that BS 0 -MU and BS 0 -RS 0 -MU links work in non-overlapping frequency bands with bandwidths and , respectively. A two-slot synchronous communication protocol is assumed in each cell for the BS 0 -RS 0 -MU link. In the first time slot, BSs transmit signals to RSs, while in the second time slot, RSs forward the data (decoded from the received signal in the first time slot) to the MU s. The time duration of both time slots are assumed to be equal. Since separate frequency bands are assumed, the other-cell interference at MU is due to the BSs that use the same resource block with BS 0 . Similarly, the other-cell interference at RSs is from the BSs operating at the same frequency with BS 0 , and interference at MU is due to the RSs using the same frequency with RS 0 .
In this setting, we have the following three assumptions regarding the system model of the downlink mmWave cellular network:
Assumption 1: Antenna arrays at the BSs, RSs and MUs are assumed to perform directional beamforming where the main lobe is directed towards the dominant propagation path while smaller sidelobes direct energy in other directions. For tractability in the analysis, antenna arrays are approximated by a sectored antenna model, in which the array gains are assumed to be constant for all angles in the main lobe and another smaller constant in the side lobe [10] with prob.
where is the beam width of the main lobe, and is the probability of having an antenna gain of .
Assumption 2: A BS or RS can either have a line-of-sight (LOS) or non-line-of-sight (NLOS) link to the MU according to the ( ) which is the probability that a link of length is LOS. Using field measurements and stochastic blockage models, ( ) can be modeled as − where decay rate depends on the building parameter and density [11] . For simplicity, ( ) can be approximated by a step function. In this approach, the irregular geometry of the LOS region is replaced with its equivalent LOS ball model with radius [5] . A BS or RS is a LOS node to the MU if it is inside the ball, otherwise it is a NLOS node. Different path loss laws are applied to LOS and NLOS links. Thus, the path-loss exponent on each interfering link can be expressed as follows:
where and are the LOS and NLOS path-loss exponents, respectively.
Assumption 3: Serving nodes (BS or RS) are assumed to be LOS to the corresponding receiving nodes (RS or MU), and therefore the path loss exponent in the serving link is always equal to .
III. COVERAGE PROBABILITY
In this section, we first express the SINRs at the RSs and MUs by combining the above three assumptions with the described network model. Then, we derive the coverage probabilities for each link.
A. Signal-to-Interference-plus-Noise Ratio (SINR) 1)BS 0 -MU link:
The SINR in the downlink from the the BS 0 to the MU can be written as:
where is the transmit power of BS 0 , 0 is the effective antenna gain of the link which is assumed to be equal to , ℎ 0 is the small-scale fading gain, is the LOS path-loss exponent of the link, 0 is the transmission distance, 2 is the variance of the additive white Gaussian noise component, and is the aggregate other-cell interference at MU . A similar notation is used for , but note that the effective antenna gain and path loss exponent are different for different interfering links as described in (1) and (2), respectively. 2 Subsequently, beamsteering errors are also addressed.
2)BS 0 -RS 0 and RS 0 -MU links: The SINRs in the downlink from the the BS 0 to the RS 0 , and from the RS 0 to the MU can be written, respectively, as follows:
where a notation similarly as described in (3) is used with similar parameter definitions. All links are assumed to be subject to independent Nakagami fading (i.e., small-scale fading gains have a gamma distribution). Parameters of Nakagami fading are and for LOS and NLOS links, respectively, and they are assumed to be positive integers for simplicity.
B. SINR Coverage Probability
The SINR coverage probability P C is defined as the probability that the received SINR is larger than a certain threshold > 0, i.e., P C = ℙ(SINR > ). The coverage probability in the single-hop transmission and dual-hop relayed transmission can be formulated as follows:
Since decode-and-forward relaying strategy is employed by the RSs, a MU is served if the SINRs of both links are larger than the threshold . In other words, BS 0 -RS 0 -MU link works if both RS and MU can decode the received signal successfully. Now, the coverage probability for the BS 0 -MU link can be calculated as
where
} is the probability density function of the distance between an MU and its nearest LOS BS [12] 
, ℒ ( ) is the Laplace transform of evaluated at , and (7) is derived noting that |ℎ 0 | 2 is a normalized gamma random variable with parameter and using the similar steps in [5] . Since (⋅) is equal to one inside the ball of radius and zero otherwise, integral in (7) is from 0 to . We can employ the thinning property of PPP to split the into 6 independent PPPs as follows [13] :
where , is the aggregate LOS interference arising from the BSs inside the LOS ball, , is the aggregate NLOS interference from outside the LOS ball, and , and , denote the LOS and NLOS interferences, respectively, with random antenna gain defined in (1) . According to the thinning theorem, each independent PPP has a density of where is given in (1) for each antenna gain ∈ { , , }.
Inserting (8) into the Laplace transform expression and using the definition of Laplace transform yield
, and (a) follows from the fact that , and , are interferences generated from two independent thinned PPPs Φ , and Φ , , respectively. Now, we can compute the Laplace transform for the LOS interfering links with a generic antenna gain using stochastic geometry as follows:
where (⋅) is again the LOS probability function, which is equal to 1 inside the ball and (a) is obtained by computing the moment generating function (MGF) of the gamma random variable ℎ. Similarly, Laplace transform for the NLOS interfering links with a generic antenna gain can be calculated as
By inserting (10) and (11) into (9), Laplace transform of can be obtained. Finally, SINR coverage probability for the BS 0 -MU link is given at the top of the next page in (12) . SINR coverage probability for the BS 0 -RS 0 link can be computed by following similar steps, and it is given at the top of the next page in (13) For the RS 0 − MU link, SINR coverage probability can be computed similarly as for the other links, but the distance between RS and MU follows a different distribution. Since the RSs are distributed according to a PPP and MUs follows some independent stationary point process in the given circular region around the RS, the distance between the MU and its corresponding RS follows a distribution with pdf ( ) = 2 / 2 for 0 ≤ ≤ [6] . Also, since only the RSs with received SINR larger than a certain threshold can decode and forward the signal to the MU s, the density used in SINR coverage calculation for this link is ′ = P C . Finally, coverage probability for the RS 0 − MU link is given at the top of this page in (14) where =˜0 0 .
IV. ENERGY EFFICIENCY ANALYSIS A. Power Model
The total power consumption per BS or RS can be modeled as = 0 + , where 1/ is the efficiency of the power amplifier, and 0 is the static power consumption due to signal processing, battery backup, site cooling etc., and corresponds to the transmit power [14] . Using this power formulation, the average power consumption of BSs (per unit area) in the cellular network can be expressed as
where 0 is the static power consumption of a BS, 1/ is the efficiency of power amplifiers at the BSs, and 1/2 factor is due to the fact that RSs are active only in one of the two time slots. The first term is the average static power consumed regardless of whether the BSs are active or inactive, and the second term is the average transmit power consumed at BSs transmitting to MU s and RSs. Note that at most only = min{ , } BSs per square meter are transmitting signals to RSs.
Similarly, the average power consumption of the RSs (per unit area) in the cellular network is given by
where 0 is the static power consumption of an RS, 1/ is the efficiency of power amplifiers at the RSs, and 1/2 factor is due to the fact that RSs are active only in the second time slot. In this scenario, only the RSs which can decode the signals from BSs can successfully forward them to MU s, and therefore the density of the active RSs is ′ = P C . As a result, ( − ′ ) RSs per square meter are inactive and they consume only static power. Thus, the second term is the sum of average transmit power and average static power consumed at active RSs.
B. Energy Efficiency Metric
Energy efficiency can be measured and quantified as the ratio of the area spectral efficiency to the average network power consumption:
where and are the area spectral efficiencies taken over all the BS-MU and BS-RS-MU links, respectively. The area spectral efficiency (i.e., network throughput) can be defined as the product of the throughput at a given link and density of transmitters (BSs or RSs), and can be formulated as follows [6] :
where 1/2 factor is due to half-duplex operation of the RSs.
C. Coverage and Energy Efficiency In the Presence of Beamsteering Errors
In Section IV-B and the preceding analysis, antenna arrays at the serving nodes (BS or RS) and receiving nodes (RS or MU) are assumed to be aligned perfectly and energy efficiency is calculated in the absence of beamsteering errors. However, in practice, it may not be easy to have perfect alignment. Therefore, in this section, we investigate the effect of beamforming alignment errors on the energy efficiency of the network. We employ an error model similar to that in [15] . Let | | be the random absolute beamsteering error of the transmitting node
toward the receiving node with zero-mean and bounded absolute error | | max ≤ . Due to symmetry in the gain 0 , it is appropriate to consider the absolute beamsteering error. The PDF of the effective antenna gain 0 with alignment error can be explicitly written as [16] 
where ( It is clear that all SINR coverage probability expressions in Section III-B depend on the effective antenna gain 0 between the serving and the receiving nodes, and so does the energy efficiency. Thus, SINR coverage probability P C for a generic link can be calculated by averaging over the distribution of 0 , 0 (g), as follows:
Applying this averaging to coverage probability expressions in all links, and inserting them to the area spectral efficiency and the average network power consumption formulas, we can obtain the modified energy efficiency expressions in the presence of beamsteering errors.
V. NUMERICAL RESULTS
In this section, numerical results are provided to analyze the impact of key system parameters on the energy efficiency of a downlink mmWave cellular network. We employ the parameter values listed in Table I unless stated otherwise. First, we display the energy efficiency for different antenna patterns. We investigate the effect of the main lobe gain and the main lobe beam width in Fig. 1 . It can be seen that for fixed , energy efficiency improves with increasing main lobe gain . Similarly, for fixed decreasing improves energy efficiency because narrower main lobe beam width means that receiving nodes (RS or MU) are less likely to be interfered by the main lobe of other transmitting nodes (BS or RS). Also note that optimal BS density, denoted by * , with which the energy efficiency is maximized, decreases slightly with increasing beam width and decreasing gain due to growing impact of interference. Next, we plot the energy efficiency for different values of the LOS ball radius and LOS path loss exponent in Fig. 2 in order to investigate the effect of LOS interference range. We notice that optimal BS density * decreases with increasing ball radius, because the number of interfering LOS BSs increases with increasing ball radius, and we have assumed that serving nodes are always LOS to the receiving nodes. As a result, the maximum energy efficiency is achieved with smaller BS density for higher ball radiuses. Also, energy efficiency improves with increasing LOS path loss exponent for fixed , while * remains almost same for the same . Therefore, optimal BS density is generally insensitive to the path loss exponent.
In Fig. 3 , we plot the energy efficiency (EE), area spectral efficiency (ASE) and average network power consumption (ANPC) as a function of the BS density for different values of RS density , and investigate the effect of RS density on energy efficiency. As shown in the middle sub-figure, area spectral efficiency of the network increases only very slightly (which is difficult to notice in the figure but can be seen with higher resolution) with the increasing RS density because of the increase in SINR coverage probabilities. At the same time, however, having higher number of RSs means more power consumption. Consequently, average power consumption of the network also increases as shown in the bottom sub-figure.
Since increase in area spectral efficiency cannot compensate for the increase in average network power consumption, energy efficiency degrades with increasing RS density as shown in the top sub-figure. This behavior indicates a tradeoff between area spectral efficiency and energy efficiency depending on the RS density. Finally, we investigate the effect of beam steering errors between the serving and receiving nodes on the energy efficiency in Fig. 4 . As shown in the figure, energy efficiency diminishes with increasing alignment error. Although the interference from interfering nodes remains unchanged, its effect grows with the increase in alignment error on the main link. Also, due to this increase in the relative impact of interference, less number of BSs is preferred with increasing alignment error to achieve the maximum energy efficiency. VI. CONCLUSION In this paper, we have analyzed the energy efficiency of relayassisted downlink mmWave cellular networks by incorporating the distinguishing features of mmWave communication into the energy efficiency analysis. Directional beamforming with sectored antenna model and simplified ball-LOS models have been considered in the analysis. BSs and RSs are assumed to be distributed according to independent PPPs, and SINR coverage probabilities are derived using tools from stochastic geometry to characterize the energy efficiency. Numerical results demonstrate that employing directional antennas makes the mmWave cellular networks more energy efficient. In other words, increasing the main lobe gain and decreasing the main lobe beam width results in improved energy efficiency. We have also shown that BS density should be lowered to achieve the maximum energy efficiency when the LOS ball radius is larger. Moreover, we have observed that there is a tradeoff between the area spectral efficiency and energy efficiency depending on the RS density. Finally, the effect of alignment error on energy efficiency is quantified. Investigating the effect of using different LOS probability functions instead of the simplified ball-LOS model remains as future work.
